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Math Club Worksheet  #3

Combinatorial

Games:

Nim and Isomorphism

Combinatorial Games alternate turns and have either a winning or drawing strategy. An example of a combinatorial game is Tic Tac Toe.
Problems: Work with your group to solve the following problems. You will find the technique of “working backwards” is useful for solving these games. The problems are arranged in increasing order of difficulty.  Don’t worry if you can’t solve all of them immediately, especially #5 and the challenge, follow-up questions. EXAMPLE GAME BOARDS WILL BE DRAWN ON THE FRONT BOARD.
1.  Nim is a game in which we start with several different numbers. Play alternates, and on a turn a player can reduce ONE of the numbers by however much he wants. Play continues until all numbers are reduced to 0, and the person who reduces the last number to 0 wins. Who has the winning strategy for the game with numbers [1,2,3]? What about [2,3,3]? [1,3,5]?

2. Review some of the principles of solving combinatorial games by circling answers below.

In combinatorial games, either one player has a (winning, drawing) strategy, or both players have (winning, drawing) strategies.

A (winning, losing) position is one from which you can only move to (winning, losing) positions.

A (winning, losing) position is one from which you can move to at least one (winning, losing) position.

3. In the Game of 9/15, 9 cards numbered 1 through 9 are placed face-up on a table. Two players alternate turns choosing one card from the board at a time. The first player with exactly three cards totaling 15 is the winner. Is there a winning strategy for either player?

*Hint: “Isomorphic” means that two games are mathematically the same. Try to find another, well-known game that is isomorphic to the 9/15 game.

4. In the game, Rook on a 3D Board, a rook starts in the far upper-right corner of a box and can only move down, towards the player, or left. The box’s sides are divided into units, and on a turn the player can move in one of the possible directions any number of units he wants. The goal is to be the person who moves the rook to the close lower-left corner of the box. Consider a box of side lengths 2, 4, and 6. What game that you have already seen is this isomorphic to?

5. Using your knowledge of binary and of winning and losing positions, try to find a general solution for ANY game of Nim. That is, given any set of numbers to play Nim with, you should be able to find the winning strategy. This will be very difficult.

*Hint: Try converting the numbers from some Nim games you have already played into binary. It is important to the solution that the only values a digit takes in binary are 0 and 1.







